In this short note, we derive closed expressions for Cotes numbers in the weighted NewtonCotes quadrature formulae with equidistant nodes in terms of moments and Stirling numbers of the first kind. Three types of equidistant nodes are considered. The corresponding program codes in Mathematica Package are presented. Finally, in order to illustrate the application of the obtained quadrature formulas a few numerical examples are included.
Introduction
We consider the weighted quadrature formulas on the finite interval [a, b] ,
where w is a given weight function on (a, b) and the nodes x k are equidistantly distributed with the step h = (b − a)/n in the following three cases: 1 • x k = a + kh, S n = {0, 1, . . . , n};
2
• x k = a + kh, S n = {1, . . . , n − 1};
2 )h, S n = {1, . . . , n}. In the first case the formula (1) is of the closed type, and in other ones we have formulas of the open type. Such quadrature formulas are called the weighted Newton-Cotes formulas if they are interpolatory, i.e., R n ( f ) = 0 whenever f ∈ P d , where P d is the space of all algebraic polynomials of degree at most d = d n = card S n − 1. Thus, the formulae (1) are exact on the linear space P d . Taking any basis in this space, e.g., {u 0 , u 1 , . . . , u d }, the coefficients W k in (1) must satisfy the following system of linear equations The weight coefficients, known as the Cotes numbers, can be also expressed, using the Lagrange interpolation, in the form
where Ψ is the node polynomial defined by
In [2] , Gautschi considered the numerical construction of these coefficients, associated by the weight function w and the nodes x k , in two ways: (a) using (2) and the barycentric formula for the elementary Lagrange interpolation polynomials
where λ k are the auxiliary quantities
(b) using moment-based moments, taking certain orthogonal polynomials as basis functions in {u 0 , u 1 , . . . , u d }.
For some remarks on Newton-Cotes rules with Jacobi weight functions see [5, §5.1.2 ]. An interesting connection between closed Newton-Cotes differential methods and symplectic integrators has been considered in [3] . As we know, numerical integration begins by Newton's idea from 1676. In modern terminology, for given distinct points x k and corresponding values f (x k ), Newton constructs the unique polynomial which at the points x k assumes the same values as f , expressing this interpolation polynomial in terms of divided differences. However today, in almost all applications Cotes numbers are written in the Lagrange form (2) .
In this paper we directly follow Newton's approach in order to obtain appropriate closed-form expressions for Cotes numbers in each of cases 1
• -3 • (Section 2). A similar approach with geometric distributed nodes has been recently obtained in [4] . The corresponding program codes in Mathematica Package for calculating nodes and weights are also included in Section 2. In Section 3 we give a few numerical examples in order to illustrate the application of these quadrature formulas. We think that this approach may be useful in applications that require explicit expressions for the Cotes numbers.
Closed-form expressions for weighted Cotes numbers
Let the nodes x k be given as in 1
• , i.e., x k = a + kh, k = 0, 1, . . . , n, and h = (b − a)/n. We start this section with the Newton interpolation formula [1, pp. 96-101] 
where
respectively denote divided differences, and r n+1 ( f ; x) is the corresponding interpolation error
where the node polynomial Ψ n+1 (x) is defined as in (3), i.e.,
In the sequel we use the Stirling numbers of the first kind s(m, ν), which are defined by the coefficients in the expansion
For m = 0 we have (x) 0 = 1 and s(0, 0) = 1. In general, the following recurrence relation
holds, with the following initial conditions s(m, 0) = 0 and s(1, 1) = 1.
. . , n}, and
Then the coefficients W k in the quadrature formula (1) are given by
and s(m, ν) are Stirling numbers of the first kind defined in (5) .
where the Stirling numbers of the first kind are defined in (5) . Further, it gives
where we introduced the notations (6) and (8). Now, integrating (4) with respect to the weight w(x) over (a, b) we obtain
According to the general identity
where the coefficients W k are given by (7) and Table[ where the last of them is not a standard (nonnegative) weight function.
Remark. Alternatively, in the cases when a symbolic integration of the moments µ ν (a, h) is not possible, then a numerical calculation must be included in the previous subprogram.
Using the previous procedure we obtain the following results for some selected intervals, weights, and number of nodes: (1) with nodes x k = a + kh, k = 1, . . . , n − 1, given as in 2
• . In this case, the corresponding Newton interpolation formula is
. . , x n−1 ] and the corresponding error iŝ
, where the node polynomial ω n−1 (x) is defined now as
and s(m − 1, ν) are Stirling numbers of the first kind defined in (5) .
, where µ * ν (a, h) and A * m (a, h) are defined by (11) and (13), respectively. Similarly as before we have
so that (12) follows immediately.
Mathematica code of the corresponding procedure is as follows: Finally, for an open quadrature formula with nodes given as in 3
• we can prove the following statement:
Mathematica code of the corresponding procedure is as follows:
In this case we take quadrature rules with respect to the weight function w(x) = w 6 (x) = x −1/2 log(1/x). Then, for f (x) = sin πx, the relative errors in the corresponding quadratures with equidistant nodes given in the cases 1
• -3
• (Theorems 2.1-2.3), are presented in Table 1 . Numbers in parentheses indicate decimal exponents. Notice that the corresponding number of quadrature nodes in these cases are n + 1, n − 1, and n, respectively. As a second example we consider the following integral
and an application of the previous quadrature rules, with respect to the weight function w(x) = w 5 (x) = cos(πx/2), to the function f (x) = log(1 − x 2 ). Regarding the logarithmic singularities at ±1, the first rule cannot be applied, and the other ones show a very slow convergence (of course, because of the influece of these singularities). The corresponding relative errors in quadrature sums are presented in the second part of the same Table 1 .
Finally, we consider an integral of a highly oscillatory function, In Table 2 we present relative errors in quadrature sums for each of the obtained quadrature rules (Cases 1
• ) with respect to the oscillatory weight function w 7 (x) = cos(100πx). As we can see the convergence of these rules is very fast.
